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Abstract
The holographic principle has taught us that, as far as their entropy content is concerned,
black holes in (3 + 1)-dimensional curved spacetimes behave as ordinary thermodynamic systems
in flat (2 + 1)-dimensional spacetimes. In this essay we point out that the opposite behavior can
also be observed in black-hole physics. To show this we study the quantum Hawking evaporation
of near-extremal Reissner-Nordstro¨m black holes. We first point out that the black-hole radiation
spectrum departs from the familiar radiation spectrum of genuine (3 + 1)-dimensional perfect
black-body emitters. In particular, the would be black-body thermal spectrum is distorted by
the curvature potential which surrounds the black hole and effectively blocks the emission of
low-energy quanta. Taking into account the energy-dependent gray-body factors which quantify
the imprint of passage of the emitted radiation quanta through the black-hole curvature potential,
we reveal that the (3+1)-dimensional black holes effectively behave as perfect black-body emitters
in a flat (9 + 1)-dimensional spacetime.
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Introduction. — The holographic principle has revealed that, as far as their ther-
modynamic properties are concerned, black holes in (3 + 1)-dimensional spacetimes are
fundamentally (2 + 1)-dimensional objects [1–3]. In particular, the entropy content of a
black hole in 3-D space scales with the black-hole 2-D surface area [4]. In this essay we
reveal that the opposite behavior can also be observed in the physics of black holes.
To that end, we study the quantum Hawking evaporation of near-extremal Reissner-
Nordstro¨m (RN) black holes. We shall show that the effective curvature potential which
surrounds the evaporating black holes distorts the emitted Hawking quanta in such a way
that the resulting black-hole radiation spectrum is no longer that of a perfect 3-D black-
body emitter. Moreover, a detailed analysis (to be carried out below) reveals that these
(3 + 1)-dimensional black holes effectively behave as perfect black-body emitters in a flat
(9 + 1)-dimensional spacetime.
Quantum evaporation of near-extremal RN black holes. — Hawking’s celebrated
result that black holes emit a thermally distributed radiation is certainly one of the most
important theoretical predictions of modern physics [5]. Although the Hawking black-hole
radiation spectrum has distinct thermal features, it is important to realize that it departs
from the familiar radiation spectra of perfect black-body emitters. In particular, the would
be black-body thermal spectrum is distorted by the curvature potential which surrounds
the black hole and effectively blocks the emission of low-energy quanta. The departure of
the Hawking black-hole radiation spectrum from the pure spectrum of a perfect (thermal)
black-body emitter can be quantified by the frequency-dependent gray-body factors {Γ(ω)}
[6].
In this essay we shall explore the power spectrum of the coupled electromagnetic-
gravitational quanta emitted by near-extremal Reissner-Nordstro¨m (RN) black holes. The
Hawking temperature of these (3 + 1)-dimensional black holes is given by [7]
TRN =
h¯
√
M2 −Q2
2pi(M +
√
M2 −Q2)2
, (1)
where M and Q are the black-hole mass and electric charge, respectively. The Hawking
radiation power out of the black holes is given by [8]
P 3+1RN =
TRN
2pi
∑
l,m
∫
∞
0
dω
Γx
ex − 1
, (2)
where x ≡ h¯ω/TRN. Here l and −l ≤ m ≤ l are the harmonic indexes of the emitted
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quanta, and Γ = Γlm(ω) are the energy-dependent gray-body factors [6]. These dimensionless
transmission coefficients quantify the imprint of passage of the emitted radiation through
the effective curvature potential which surrounds the black hole.
The thermal factor that appears in the denominator of (2) implies that the black-hole
emission spectrum peaks at the characteristic frequency xpeak ≡ h¯ωpeak/TRN = O(1). Re-
membering that near-extremal black holes are characterized by the relation MTRN/h¯ ≪ 1,
one finds the strong inequality
Mωpeak ≪ 1 (3)
for the characteristic frequencies emitted by the near-extremal black holes.
The relation (3) implies that, for near-extremal black holes, the typical wavelengths in
the Hawking radiation spectrum are very large on the scale set by the geometric size of
the evaporating black hole. The calculation of the frequency-dependent grey-body factors
Γlm(ω) in the low-frequency regime (3) is a common practice in the physics of black holes
[6]. In particular, one finds the leading-order behavior [9]
Γ11 = Γ2m =
4
9
(ωrH)
8 (4)
in the small-frequency regime ωrH ≪ 1, where rH ≃ M is the outer horizon radius of the
near-extremal black hole [10]. Substituting the frequency-dependent grey-body factors (4)
into (2) and performing the integration, one finds
P 3+1RN = C
3+1
RN ×
r8HT
10
RN
h¯9
(5)
for the emission power out of the RN black holes [11].
Evidently, the Hawking radiation power (5) out of the (3+ 1)-dimensional near-extremal
black holes looks completely different from the familiar Stefan-Boltzmann law [12]
P 3+1flat = C
3+1
flat ×
R2T 4
h¯3
(6)
for perfect black-body emitters of temperature T and radius R in a (3 + 1)-dimensional flat
spacetime [13].
We shall now prove, however, that the Hawking radiation power (5) characterizing the
(3 + 1)-dimensional near-extremal black holes is of the same functional form as the thermal
radiation power of perfect black-body emitters in a higher-dimensional flat spacetime.
3
Perfect black-body emitters in flat (D+1)-dimensional spacetimes. — We shall
now obtain the thermal radiation power which characterizes perfect black-body emitters in
general (D + 1)-dimensional flat spacetimes.
To that end, we first note that the thermal energy density of one bosonic degree of freedom
inside a (D + 1)-dimensional closed cavity of temperature T is given by [14, 15]
ρD =
T
(2pi)D
∫
∞
0
dVD(ω)
x
ex − 1
, (7)
where x ≡ h¯ω/T and dVD(ω) = [2pi
D/2/Γ(D/2)]ωD−1dω is the volume in the (D + 1)-
dimensional frequency-space of the shell (ω, ω + dω). Substituting dVD(ω) into (7) and
performing the integration, one finds the (D + 1)-dimensional thermal energy density
ρD =
Γ(D + 1)ζ(D + 1)
2D−1piD/2Γ(D/2)
×
TD+1
h¯D
, (8)
where ζ(z) is the Riemann zeta function [16]. Since the thermal radiation is emitted from
a sphere of surface-area AD−1 = [2pi
D/2/Γ(D/2)]RD−1 [17], the radiated power PD+1flat out
of the (D + 1)-dimensional perfect black-body emitter is proportional to ρD ×AD−1, which
yields [15, 18]:
PD+1flat = C
D+1
flat ×
RD−1TD+1
h¯D
. (9)
A direct comparison between the two radiation powers, Eqs. (5) and (9), reveals the sur-
prising conclusion that our (3 + 1)-dimensional near-extremal black holes effectively behave
as perfect black-body emitters in a flat (9 + 1)-dimensional spacetime.
Summary. — In this essay we have analyzed the Hawking emission of coupled
electromagnetic-gravitational quanta by near-extremal Reissner-Nordstro¨m black holes. It
was pointed out that, due to the influence of the energy-dependent gray-body factors which
quantify the imprint of passage of the emitted quanta through the spacetime curvature po-
tential, the black-hole radiation spectrum departs from the familiar radiation spectrum of
genuine (3 + 1)-dimensional perfect black-body emitters. In particular, it was shown that
the curvature potential which surrounds these (3+1)-dimensional near-extremal black holes
distorts the emitted Hawking spectrum in such a way that the resulting black-hole radia-
tion power is effectively that of a perfect black-body emitter in a flat (9 + 1)-dimensional
spacetime.
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